Sandpile group on the graph Dn of the dihedral group  by Dartois, Arnaud et al.
European Journal of Combinatorics 24 (2003) 815–824
www.elsevier.com/locate/ejc
Sandpile group on the graph Dn of the dihedral
group
Arnaud Dartoisa, Francesca Fiorenzib, Paolo Francinic
aLIX, Ecole Polytechnique, 91128 Palaiseau Cedex, France
bInstitut Gaspard Monge, Universite´ de Marne la Valle´e, 5 Bd Descartes, Champs-sur-Marne,
F-77454 Marne la Valle´e, France
cDipartimento di Metodi e Modelli Matematici per le Scienze Applicate, Universita` degli Studi di Roma
“La Sapienza”, Via A. Scarpa 16, 00161 Roma, Italy
Received 26 June 2003; accepted 1 July 2003
Abstract
In this paper we study the structure of the Abelian sandpile group on the Cayley graph Dn of the
dihedral group Dn = 〈a, b | an = b2 = (ab)2 = 1〉. We prove that the Smith normal form of the
sandpile group is not cyclic as one can generally expect but is always the direct product of two or
three cyclic groups. We conclude by considering some particular cases.
© 2003 Elsevier Ltd. All rights reserved.
1. Introduction
The Abelian sandpile model was introduced by Bak et al. in [2]. It has been widely
studied as one of the simplest models that shows self-organized criticality (SOC) [1, 3,
11, 12]. Its underlying Abelian structure was discovered by Dhar [9] and Creutz [8].
In particular, the order of the group is precisely the number of spanning trees of the graph
[10], and two principal bijections exist [4].
A sandpile model could be seen as a cellular automaton on a rooted graph G whose
cells are the vertices V(G) of G and each cell contains a certain number of grains of sand.
The transitions of the automaton are given by the following “toppling rule”: each cell i
containing at least as many grains as its degree, transfers a grain of sand to each of its
neighbors j . After a toppling of the vertex i , the number of grains in this cell decreases
by its degree, while the number of those of its neighbors increases by 1. The root r
does not topple and could be considered as collecting all the grains leaving the system.
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The sandpile group on G is the quotient of ZV(G) by the subgroup generated by the
|V(G)| − 1 elements expressing the toppling rules (that is, if i = r is a vertex of
degree di and ( jk)1≤k≤di are the neighbors of i , a generator of this subgroup is ∆i :=
di xi −∑1≤k≤di x jk ), and the element xr .
The aim of this work is to characterize the structure of the Abelian sandpile group on
the graph Dn , for any n ≥ 3. As shown in Fig. 1, the graph Dn is the non-oriented Cayley
representation for the dihedral group Dn of symmetries for an n-sided regular polygon,
with the presentation
〈a, b | an = b2 = (ab)2 = 1〉.
We will see that the sandpile group onDn is not cyclic and it is always the direct product
of at most three cyclic groups.
We want to point out that the sandpile group on the Cayley graph on a finite group,
is not independent on the presentation of such a group. For example, if we consider the
presentation 〈a, b | a2 = b2 = (ab)n = 1〉 of Dn , we have that its Cayley graph is a circle
with 2n vertices and the sandpile group on this graph is cyclic of order 2n.
2. A system of relations for the sandpile group onDn
Cori and Rossin have proved in [6] that the Smith normal form of the sandpile group on
a graph is the same of that on its planar dual. Being simpler the induced system of relations,
we work on the dual graph of Dn (Fig. 2). Here we have chosen the vertex n + 2 as the
root, such that xn+2 = 0. Applying the toppling rule to each of the remaining vertices, we
get the following system of equations:

x1 = 4xn − xn−1 − xn+1
x2 = 4x1 − xn − xn+1
xi = 4xi−1 − xi−2 − xn+1 (for each 3 ≤ i ≤ n)
0 = x1 + · · · + xn.
(1)
From this system we can already see that there are at most three generators. Indeed each
xi can be expressed in term of x1, x2 and xn+1. For all 3 ≤ i ≤ n, we define ai , bi and ci
such that xi = ai x2 − bi x1 − ci xn+1.
Proposition 2.1. If we extend (ci )i≥3 by c0 = 1 and c1 = 0, we get
ci = 4ci−1 − ci−2 + 1, i ≥ 3
{
ai = ci+1 − ci
bi = ci − ci−1. (2)
Proof. From Eq. (1), we get three recurrence relations for ai , bi and ci with 3 ≤ i ≤ n.
From these relations it turns out that we could express the ai ’s and bi ’s in term of the
ci ’s. 
This leads us to simplify the matrix A = An of the system.
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Fig. 1. Graph Dn .
Fig. 2. Dual graph of Dn .
Theorem 2.2. The matrix An of the Abelian sandpile group on Dn is given by
An =

 0 cn − 1 cn+10 cn+1 cn+2
n
cn+2−3cn+1−n
2
cn+2−cn+1−n
2

 .
Proof. From Eq. (1) and Proposition 2.1 we can deduce a new system of relations between
generators x1, x2 and xn+1, that is

x1 = (cn+2 − cn+1)x2 − (cn+1 − cn)x1 − cn+1xn+1
x2 = (cn+3 − cn+2)x2 − (cn+2 − cn+1)x1 − cn+2xn+1
xi = (ci+1 − ci )x2 − (ci − ci−1)x1 − ci xn+1 (for each 3 ≤ i ≤ n).
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By some reductions, one can verify that An is the matrix of such a system. 
We conclude this section giving an explicit formula for the sequence (cn)n≥0. Solving
the Eq. (2) we get
cn = 9 − 5
√
3
12
(2 + √3)n + 9 + 5
√
3
12
(2 − √3)n − 1
2
. (3)
3. Analysis of the coefficients of the Smith normal form
In this section we give an explicit expression of the Smith normal form S = Sn of the
matrix An .
It can be easily seen that, for each n, we have cn−1cn+1 = c2n−cn . Hence the determinant
of the minor
(
cn − 1 cn+1
cn+1 cn+2
)
of An is −wn := −(cn+1 + cn+2).
Proposition 3.1. For n = 2m + 1 odd, we have that wn = c2m+2 + c2m+3 = h2m where
the sequence hm is defined as

h0 = 1
h1 = 5
hm = 4hm−1 − hm−2.
For n = 2m even, we have that wn = c2m+1 + c2m+2 = 6k2m, where the sequence km is
defined as

k0 = 0
k1 = 1
km = 4km−1 − km−2.
Proof. It can be seen by induction that, for every m ≥ 1, we have h2m = w2m+1,
hm−1hm = w2m − 1, 6k2m = w2m and 6km−1km = w2m+1 − 1. 
Proposition 3.2. For each m, n ≥ 1 we have
km+n = km+1kn − kmkn−1 and hm+n = km+1hn − kmhn−1.
Proof. Set K :=
(
4 −1
1 0
)
we have that
Km =
(
4 −1
1 0
)m
=
(
km+1 −km
km −km−1
)
.
Since Km+n−1 = Km Kn−1, we have(
km+n −km+n−1
km+n−1 −km+n−2
)
=
(
km+1 −km
km −km−1
)
·
(
kn −kn−1
kn−1 −kn−2
)
.
Comparing the top left entry in the left-hand side with the corresponding in the right-hand
side gives the first equality. For the second identity, we use the first one and the identity
hm = km + km+1. 
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Now we list some other relationships linking the sequences hn , kn and cn . They can be
easily proved by induction.
• hmkm = c2m+2• hm−1km = c2m+1• hmkm+1 = c2m+3.
With this, one can prove the following theorem.
Theorem 3.3. For a dividing b, we have that ka divides kb. Moreover, we also have that
det(Aa) divides det(Ab) (these are the orders of the sandpile groups).
Proof. For the first statement, we prove by induction on t that ka divides kat . This is true
if t = 0. If ka divides kat , hence we have ka(t+1) = kat+1ka − katka−1. The inductive
hypothesis implies that ka divides the second term, hence it also divides ka(t+1).
Now we prove that if 2a + 1 divides 2b + 1, then ha divides hb . First notice that, by
Proposition 3.2, we have k2m+1 = k2m+1 − k2m . Let 2b +1 = (2a +1)(2t +1). We prove by
induction on t that ha divides hb = h2at+a+t . This is true if t = 0. If ha divides h2at+a+t ,
we have h2a(t+1)+a+(t+1) = h(2a+1)+(2at+a+t) = k2a+2h2at+a+t − k2a+1h2at+a+t−1.
The first term is a multiple of ha by inductive hypothesis. Moreover we have k2a+1 =
k2a+1 − k2a = (ka+1 + ka)(ka+1 − ka) = ha(ka+1 − ka). Hence also the second term is a
multiple of ha .
Finally, we prove that if 2a + 1 divides 2b, then ha divides kb. Let 2b = (2a + 1)2t .
We have to prove that ha divides k(2a+1)t . As we have already seen, ha divides k2a+1.
Moreover, we have that k2a+1 is a divisor of k(2a+1)t = kb.
By these facts and being det(Aa) = −awa , we have the second statement. 
Corollary 3.4. If 2t divides n with t ≥ 1, then 2t+1 divides kn. Moreover, if 3t divides n,
then 3t also divides kn.
Proof. We obtain an explicit formula for kn , solving the recurrence
kn = 1
2
√
3
((2 + √3)n − (2 − √3)n) = 1√
3
∑
1≤2 j+1≤n
(
n
2 j + 1
)√
32 j+12n−(2 j+1)
=
∑
1≤2 j+1≤n
(
n
2 j + 1
)
3 j 2n−(2 j+1).
From this we have that 2t+1 divides k2t for t ≥ 1. Moreover, 3t divides k3t . 
3.1. Computation of S11
Notice that for each m we have (km, km+1) = (hm , hm+1) = 1. This implies that
• If n = 2m + 1 is odd (cn+1, cn+2) = (hmkm, hmkm+1) = hm .• If n = 2m is even then (cn+1, cn+2) = (hm−1km, hmkm) = km .
In general
S11 =
(
n, cn+1, cn+2,
cn+2 − cn+1 − n
2
)
.
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• If n = 2m + 1 is odd then (n, cn+1, cn+2, (cn+2 − cn+1 − n/2)) = (n, cn+1, cn+2).
Indeed, if d divides n, cn+1 and cn+2 hence d is odd because n is odd and d divides
also (cn+2 − cn+1 − n)/2. Hence S11 = (n, cn+1, cn+2) = (n, hm).
• If n = 2m is even then
S11 =
(
n, km,
hmkm − hm−1km − n
2
)
=
(
n, km, km
hm − hm−1
2
− m
)
= (n, km, m) = (m, km).
– If m is odd hence km is odd and then S11 = (n, km).
– If m is even we have S11 = (m, km) = (n, km)/2. This latter equality comes
from Corollary 3.4, indeed km contains in its factorization the maximal power
of 2 contained in 2m. With this, notice that if n1 and n2 are two integers then
2(n1, n2) = (2n1, n2) if the power of 2 contained in n1 is strictly smaller than
the power of 2 contained in n2.
3.2. Computation of S22
In general
S11S22 =
(
cn+1 + cn+2, ncn+1, ncn+2, (cn+1 + cn+2)
2 + ncn+1 − ncn+2
2
− 3cn+1cn+2
)
.
• If n = 2m+1 is odd then S11S22 = (cn+1 +cn+2, ncn+1, ncn+2, 3cn+1cn+2). Indeed
it can be easily seen that either cn+1 or cn+2 is odd and if d divides cn+1+cn+2, ncn+1
and ncn+2 hence d is odd and divides also (cn+1+cn+2)
2+ncn+1−ncn+2
2 . Thus
S11S22 = (h2m, nhm , 3h2mkmkm+1) = hm(hm , n, 3hmkmkm+1) = hm(n, hm).
Hence S22 = hm .
• If n = 2m is even, we have
S11S22 =
(
6k2m, nkm ,
36k2m + nkm(hm − hm−1)
2
− 3hm−1kmhmkm
)
= km
(
6km, n, 18km + n (hm − hm−1)2 − 3hm−1hmkm
)
= km(6km, n, 3hm−1hmkm) = km(n, 3km(2, hm−1hm)) = km(n, 3km).
Hence
– If m is odd then S22 = kmα, with α := (n,3km )(n,km ) .
– If m is even then S22 = 2kmα.
From Corollary 3.4 we have that the numbers α which could be 1 or 3, is actually 1.
Moreover, we have that det(Sn) = |det(An)|. Thus S33 = nwnS11S22 . Hence the Smith formSn of the matrix An is
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• For n = 2m + 1 odd

 (n, hm) 0 00 hm 0
0 0 n hm
(n,hm)

 ,
• for n = 2m with m odd
 (n, km) 0 00 km 0
0 0 6nkm
(n,km )

 ,
• for n = 2m with m even

(n,km )
2 0 0
0 2km 0
0 0 6nkm
(n,km )

 .
By the statements verified during the proof of Theorem 3.3, one can also see that, for
a dividing b, each entry of the matrix Sa divides the corresponding one in the matrix Sb.
This leads to the following theorem.
Theorem 3.5. For a dividing b, the sandpile group on Da is a subgroup of the sandpile
group on Db.
4. Some particular cases
It is interesting to investigate the cases in which the sandpile group on Dn is the direct
product of exactly three cyclic groups, that is in which S11 = 1. We have already seen that,
if t ≥ 2 and 2t divides n, hence 2t−1 divides S11. Moreover, if t ≥ 1 and 2 · 3t divides n,
hence 3t divides S11.
4.1. The case n = pt , where p is a prime
If p = 2, we have the following equalities mod p:
wpt = cpt+1 + cpt+2 = (2 +
√
3)pt + (2 − √3)pt
2
− 1
= (2
pt + √3pt ) + (2pt − √3pt )
2
− 1 = 1.
This argument shows that (p, wpt ) = 1 for p odd prime, thus the Smith form is in this case
Spt =


1 0 0
0 h pt−1
2
0
0 0 pt h pt−1
2

 .
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Otherwise, for p = 2, we have
S2t =

 2t−1 0 00 2k2t−1 0
0 0 12k2t−1

 .
4.2. The case n = 2 pt , where p is a prime
If p > 3 we have the following calculation mod p:
w2pt = c2pt+1 + c2pt+2 = (2 +
√
3)2pt + (2 − √3)2pt
2
− 1
= (7 + 4
√
3)pt + (7 − 4√3)pt
2
− 1 = 6.
This means that 2 pt and k pt (which is odd) are coprime. Hence, for p > 3 we have the
Smith form
S2pt =

 1 0 00 k pt 0
0 0 12 pt k pt

 .
Otherwise, for p = 3, we have
S2·3t =

 3t 0 00 k3t 0
0 0 12k3t

 .
4.3. Building a sandpile group with S11 divided by a given m ∈ N
We conclude this section proving that for any integer m, there exists an integer n such
that the sandpile group on Dn is the product of 3 cyclic groups with m dividing their
order. As conjectured in [7], the sandpile groups which are at least the product of three
cyclic groups are rare. Some classes are well known, as complete graphs Kn or bipartite
complete graphs Kn,p (see [5]).
Let m ≥ 2, we denote by π(m) the period of the values of (cn)n≥0 mod m. Hence
cn+1 = cn+2 = 0 mod m if and only if π(m) divides n. For p > 3 prime we have two
cases:
• if (3/p) = 1, then Eq. (3) is valid on Fp . By Fermat’s little theorem, we have that
π(p) divides p − 1;
• if (3/p) = −1, we have cp+2 = 2p+2p+1+3(p+1/2)−36 = 0 mod p. Analogously,
cp+3 = 0 mod p and this implies that π(p) divides p + 1.
We denote by φ(m) the smallest positive period of the values of (cn)n≥0 mod m which is
also a multiple of m, that is φ(m) := lcm(π(m), m). Notice that if m and n are coprime,
then φ(mn) = lcm(φ(n), φ(m)). Moreover, we have φ(p) = p(p − (3/p)).
By these facts, we can prove the following proposition.
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Proposition 4.1. Let m be an integer and P be the set of prime numbers greater than 3
dividing m. Then there exists n smaller than 4m3 ·∏p∈P (p − (3/p)) such that the Smith
normal form of the sandpile group on Dn is the product of 3 cyclic groups and m divides
the order of each of them.
Proof. From the equation
6k2m = c22m+1 + c22m+2 − 4c2m+1c2m+2
we deduce that 2m divides kφ(2m)/2. Set n := φ(2m). Then m divides (n, kn/2)/2 and,
since n is even, m divides (Sn)11 whatever is the parity of n/2.
The problem is now the computing of n. Let m = 2r1 · 3r2 · ∏p∈P pr be the prime
decomposition of m (with r1, r2 ≥ 0). By the multiplicative property of φ, we need to
compute φ at pr for each p ∈ P . By Corollary 3.4, we have φ(2t ) = 2t for t ≥ 2 and
φ(3t ) = 2 · 3t .
For p > 3 prime, we can easily compute a good upper bound of φ(pr ). First notice that
φ(pt ) ≤ p3φ(pt−1) for t ≥ 2. This implies φ(pt ) ≤ p3t (p − (3/p)), which still holds for
t = 1. Hence 4m3 ·∏p∈P(p − (3/p)) is greater than n. 
It is clear that there are infinitely many numbers n with the properties stated in
Proposition 4.1. The following conjecture gives the explicit form of one of them.
Conjecture 1. Let m be an integer and P be the set of prime numbers greater than 3
dividing m. If n := 4m · lcmp∈P(p − (3/p)), then the the Smith normal form of the
sandpile group on Dn is the product of 3 cyclic groups and m divides the order of each of
them.
This conjecture arise from the fact that the value of φ(pt ) is naturally conjectured to be
ptπ(p) for p > 3 prime. Let m = 2r1 · 3r2 ·∏p∈P pr be the prime decomposition of m
(with r1, r2 ≥ 0). We have φ(2m) = lcmp∈P(φ(2r1+1), φ(3r2), φ(pr )), with φ(1) := 1.
This value divides 4m · lcmp∈P (π(p)) and hence it divides n.
5. Conclusion
In this paper, we have studied the structure of the Abelian sandpile group on the Cayley
graph Dn of the dihedral group Dn = 〈a, b | an = b2 = (ab)2 = 1〉.
First, we have given the explicit Smith normal form of this group, pointing out that
the group is never cyclic, but it is always the product of two or three cyclic groups. As
a by-product this implies that this sandpile group is strongly dependent on the Cayley
representation of Dn .
After that, we have detailed some particular cases. We have seen that the group is always
the product of 2 cyclic groups for n = pt with p > 2 prime, or n = 2· pt with p > 3 prime.
Moreover, we have proved that for any integer m there exists n such that the sandpile group
is the product of 3 cyclic groups and m divides the order of each of them. This fact implies
the existence of an infinite family of graphs on which the sandpile group is particular.
Indeed, Cori and Rossin conjecture in [7] that the Smith normal form of the sandpile group
on a graph is often cyclic (that is, asymptotically on the number n ≥ 2, there are more than
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75% graphs with n vertices, for which the sandpile group is cyclic), sometimes the product
of two cyclic groups (more than 15%), and very rarely the product of more (less than 5%
for any remaining case).
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